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Abstract We study the singularity of the congruences for
both timelike and null geodesic curves using the expansion
of the early anisotropic Bianchi type I Universe. In this pa-
per, we concentrate on the influence of the shear of the time-
like and null geodesic congruences in the early Universe.
Under some natural conditions, we derive the Raychaudhuri
type equation for the expansion and the shear-related equa-
tions. Recently, scientists working on the LIGO (Laser In-
terferometer Gravitational-Wave Observatory) have shown
many possibilities to observing the anisotropy of the “pri-
mordial” gravitational wave background radiation. We de-
duce the evolution equation for the shear that may be re-
sponsible for those observational results.
1 Introduction
The existence of Hawking-Penrose (HP) singularity
[Hawking and Penrose 1970] can be assumed at the begin-
ning of the Universe that was born with the Big Bang as an
unimaginary hot, dense point. If we presume that the early
Universe was filled with a perfect fluid containing massive
particles and/or massless particles, then we could find equa-
tions of state for each particle, by using the strong energy
condition that was used to show the HP singularity theorem.
The motion types of timelike and null geodesic congru-
ences in the Universe can be described in terms of the expan-
sion, the shear, and the rotation. In this article, we will de-
scribe the expansion rates of timelike and null geodesic con-
gruences and the shearing motions in the early anisotropic
Universe. The aspects of the rotational motions are negligi-
ble to produce the Bianchi type I Universe. Additionally, we
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derive the Raychaudhuri type equation that is an evolution
equation for the expansion.
There are many results regarding the dynamics of geodesic
surface congruence in the early Universe
[Cho and Hong 2007, Cho and Hong 2008, Cho and Hong 2011],
[Cho and Hong (An extract from a book) 2011]. In this arti-
cle, we will going to discuss the homogeneous and anisotropic
Universe. In particular, we consider the well-known mod-
els of the homogeneous and anisotropic Universe such as
Bianchi type I and Kasner Universe models [Kasner 1921].
The Kasner Universe is the “vacuum” Bianchi type I Uni-
verse. We also suggest a straightforward approach to inves-
tigate the Universe models. Many scientists have studied the
Bianchi type I Universe (e.g., [Byland and Scialom 1998,
Cáceres et al. 2010, Chiba et al. 1997, Cho and Speliotopoulos 1995,
Jacobs 1969, Tsagas et al. 2008, Pacif and Mishra 2015, Singh and Bishi 2015,
Adhav et al. 2011, Adhav et al. 2010, Tiwari 2008, Saha 2007,
Pacif and Mishra 2015, Sharif and Zubair 2010, Sharif and Saleem 2015,
Singh and Kale 2011, Singh and Bishi 2015, Shamir 2015, Jamil et al. 2012]).
This article is organized as follows. In Section 2, we dis-
cuss the kinematical quantities in the Bianchi type I Uni-
verse and introduce the formalism that describes the geodesic
congruence in the early Universe. In Section 3, we describe
the timelike geodesic curves in the Bianchi type I Universe.
We investigate the expansion rate of timelike geodesic con-
gruence and the aspects of shearing motions in the Bianchi
type I Universe model. In Section 4, we describe the null
geodesic curves in the Bianchi type I Universe. We investi-
gate the expansion rate of null geodesic congruence and the
aspects of the shearing motions, in our Universe model, for
null case. Finally, we conclude in Section 5.
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In this section, we review the research works by Cho and
Hong (e.g., [Cho and Hong 2007, Cho and Hong 2008, Cho and Hong 2011,
Cho and Hong (An extract from a book) 2011]) on the expan-
sion, the shear, and the rotation which will be described later.
We also discuss the well-known models of homogeneous
and anisotropic Universe such as Bianchi type I and Kasner
Universe models (e.g., [Ellis 2009, Wainwright and Ellis 1997,
Hawking and Ellis 1973, Ellis and van Elst 1999]).
In order to define the action on the curved space-time
manifold, we let (M,gab) be a 4-dimensional manifold asso-
ciated with the metric gab. Given gab, we can have a unique
covariant derivative ∇a satisfying [Wald 1984]
∇agbc = 0,
∇aωb = ∂aωb+Γ bac ω
c,
(∇a∇b−∇b∇a)ωc = R dabc ωd . (2.1)
We parametrize the surface generated by the world sheet
coordinate t, and then we have the corresponding vector field
ξ a = (∂/∂ t)a. Then ξ a satisfies the timelike condition ξ ·
ξ =−1. We introduce the tensor field Bab defined by
Bab = ∇bξa, (2.2)
which satisfies the following identity
Babξ a = 0. (2.3)
Next, we introduce the metric hab,
hab = gab+ξaξb, (2.4)
which satisfies
habξ a = 0, habξ b = 0, habgbchcd = had , habhab = 3.(2.5)
Here note that hab is the metric on the hypersurfaces orthog-
onal to ξ a. Moreover, we can define projection operator hab
as
hab = g
achcb. (2.6)
This operator fulfills
habh
b
c = h
abhbc = hac , habh
bchcd = had . (2.7)
Now, we decompose Bab into three pieces
Bab =
1
3
θhab+σab+ωab. (2.8)
In the above equation, we defined kinematical quantities of
the timelike geodesic congruence in the Bianchi type I Uni-
verse, such that, the expansion θ , the shear σab, and the ro-
tation ωab, that are given by
θ = Babhab, σab = B(ab)−
1
3
θhab, ωab = B[ab]. (2.9)
We then find
σabhab = 0, ωabhab = 0, (2.10)
and
ξ c∇cBab =−BcbBac+Rcbadξ cξ d . (2.11)
Exploiting Equation (2.11), one arrives at
ξ a∇aθ = −13θ
2−σabσab+ωabωab−Rabξ aξ b, (2.12)
ξ c∇cωab = −23θ(ωab−ξ
cξ[aωb]c)−2σ c[bωa]c, (2.13)
ξ c∇cσab = −19θ
2ξaξb− 23θh
c
(aσb)c−σacσ cb−ωacωcb
+
(
Rc(ab)d+
1
3
gabRcd
)
ξ aξ b+
1
3
gab(σcdσ cd−ωcdωcd)
−1
3
θξ cξ(a∇|c|ξb)−
1
3
ξaξbξ c∇cθ . (2.14)
We consider the comoving coordinates (t,x,y,z) such
that the metric takes the form
ds2 =−dt2+X2(t)dx2+Y 2(t)dy2+Z2(t)dz2 . (2.15)
We redefine the “scale factor” l(t) by l3 = XYZ. Here, X(t),
Y (t), and Z(t) are the scale factors of x−, y−, and z− direc-
tions, respectively. If X =Y =Z, we get the usual Friedmann-
Robertson-Walker (FRW) space-time.
Now, we consider the Kasner vacuum Universe – the
“vacuum” case of the Bianchi type I Universe – which sat-
isfies ρ = 0 and P = 0, where ρ and P are the mass-energy
density and pressure of the fluid as measured in its rest frame,
respectively [Wald 1984, Misner et al. 1973]. Then, X , Y ,
and Z become distinct functions of t. The metric and the
initial conditions of the Kasner vacuum Universe, except ρ
and P, are exactly the same as those of the Bianchi type I
Universe. Now, we set
ξ a∇aξ b = 0 , ωab = 0 , B(ab) = θab 6= 0 , σab 6= 0 .(2.16)
The meaningful results of the field equations are [Ellis and van Elst 1999]
3l¨
l
+2σ2 = 0 ,
(
l6σ2
)·
= 0 , (2.17)
where
l˙ = ξ a∇al , σ2 ≡ 12σabσ
ab =
Σ 2
l6
. (2.18)
From Equations (2.17), we have
σab =
Σab
l3
, 2 Σ 2 = (Σ11)2+(Σ22)2+(Σ33)2 . (2.19)
In this case, from Equations (2.9), in orthonormal bases, the
symmetric part B(ab) of Bab is given by
B(ab) = σab+
1
3
θhab =
Σab
l3
+
l˙
l
δab , (2.20)
where
θ =
3l˙
l
. (2.21)
Then, we can obtain
X˙
X
=
Σ11
l3
+
l˙
l
,
Y˙
Y
=
Σ22
l3
+
l˙
l
,
Z˙
Z
=
Σ33
l3
+
l˙
l
. (2.22)
3We can also obtain
Σ11 =
2√
3
Σ sinα ,
Σ22 =
2√
3
Σ sin
(
α+
2
3
pi
)
,
Σ33 =
2√
3
Σ sin
(
α+
4
3
pi
)
, (2.23)
where α (−pi/6 < α ≤ pi/2) is a constant determining the
direction in which the most rapid expansion takes place.
Let us consider the time-reverse of the model. For gen-
eral values of α , i.e.,−pi/6<α < pi/2, the term 1+2sin(α+
(4pi/3)) will be negative. Thus, if we consider the forward
direction of time, we have a “cigar” singularity: matter col-
lapses in along the z−axis from infinity, halts, and then starts
re-expanding, while in the x− and y−directions the matter
expands at all times. In the exceptional case (i.e., α = pi/2),
the terms 1+ 2sin(α +(2pi/3)) and 1+ 2sin(α +(4pi/3))
both vanish. Then we have a “pancake” singularity: mat-
ter expands in all directions, starting from an indefinitely
high expansion rate in the x−direction but from zero expan-
sion rates in the y− and z−directions (e.g., [Ellis 2009,
Wainwright and Ellis 1997, Hawking and Ellis 1973]).
In the “non-vacuum” (i.e., ρ 6= 0 and P 6= 0) anisotropic
Bianchi type I Universe, we can assume the perfect fluid.
For a perfect fluid, the energy-momentum tensor is given by
Tab = ρ ξaξb+P (gab+ξaξb) . (2.24)
3 Timelike Geodesic Curves in the Bianchi Type I
Universe
The motion types of timelike geodesic congruence in the
Universe can be described in terms of the expansion, the
shear, and the rotation. In this section, we describe the ex-
pansion rate of timelike geodesic congruence and the shear-
ing motions in the early anisotropic Universe.
In the Bianchi type I space-time, Equations (2.12)-(2.14)
become
ξ a∇aθ = −13θ
2−σabσab−Rabξ aξ b, (3.1)
ξ c∇cωab = 0 , (3.2)
ξ c∇cσab = −19θ
2ξaξb− 23θh
c
(aσb)c−σacσ cb
+
(
Rc(ab)d+
1
3
gabRcd
)
ξ aξ b+
1
3
gabσcdσ cd
−1
3
θξ cξ(a∇|c|ξb)−
1
3
ξaξbξ c∇cθ . (3.3)
Since,
ξ a∇aθ = θ˙ , (3.4)
and from Equation (3.1), we can obtain a Raychaudhuri type
equation
θ˙ = −1
3
θ 2−σabσab−Rabξ aξ b
= −3l˙
2
l2
−2Σ
2
l6
−Rabξ aξ b , (3.5)
by using the fact that θ = 3l˙/l and σab = Σab/l3. We now
assume that the strong energy condition
Rabξ aξ b = 8pi
(
Tab− 12Tgab
)
ξ aξ b ≥ 0 . (3.6)
where Tab and T are the energy-momentum tensor and its
trace, respectively. If Rabξ aξ b = 0, then this condition cor-
responds to the strong energy condition for the Kasner “vac-
uum” (i.e., Tab = 0 and T = 0) Universe. The Raychaudhuri
type equation (3.5) then has a solution of the form
1
θ(τ)
≥ 1
θ(0)
+
1
3
[
τ+
2
3
Σ 2
∫ τ
0
1
l4 l˙2
dt
]
, (3.7)
where τ is the proper time. We assume that θ(0) is negative
so that the congruence is initially converging as in the point
particle case. The inequality (3.7) implies that θ(τ) must
pass through the singularity within a proper time (see Figure
2),
τ ≤ 3|θ(0)| −
2
3
Σ 2
∫ τ
0
1
l4 l˙2
dt , (3.8)
since,
3
|θ(0)| > 0 . (3.9)
If we choose τ > 0 such that,
3
|θ(0)| ≥
2
3
Σ 2
∫ τ
0
1
l4 l˙2
dt , (3.10)
then the right-hand side of Equation (3.8) is greater than or
equal to zero.
For a perfect fluid, the strong energy condition (3.6) yields
one inequality equation
4pi(ρ+3P)≥ 0. (3.11)
Then we have the following two inequalities
ρ+3P≥ 0, ρ+P≥ 0. (3.12)
If we neglect the shearing motions (i.e., σab = 0), then we
have the differential inequality equation
dθ
dτ
+
1
3
θ 2 ≤ 0 , (3.13)
which has a solution in the following form
1
θ(τ)
≥ 1
θ(0)
+
1
3
τ. (3.14)
If we assume that θ(0) is negative, then the expansion θ(τ)
must go to the negative infinity along that geodesic within a
proper time
τ ≤ 3|θ(0)| , (3.15)
4whose consequence coincides with that of Hawking and Pen-
rose [Hawking and Penrose 1970].
From now on, we will consider the shear of timelike
geodesic congruence in the early anisotropic Universe. Us-
ing Equation (3.3), we obtain an evolution equation for the
shear,
dσab
dt
= −1
9
θ 2ξaξb− 23
[
θ
(
1
l3
hc(aΣb)c
)]
− 1
l6
ΣacΣ cb+
(
Rc(ab)d+
1
3
gabRcd
)
ξ aξ b
+
2
3l6
gabΣ 2− 13θξ
cξ(a∇|c|ξb)
−1
3
ξaξbξ c∇cθ . (3.16)
Substituting Equation (3.5) into (3.16), we obtain
dσab
dt
= −2l˙
l4
hc(aΣb)c
− 1
l6
ΣacΣ cb+Rc(ab)dξ
aξ b
+
2 Σ 2
3 l6
hab− l˙l ξ
cξ(a∇|c|ξb) . (3.17)
In the standard point-particle inflationary cosmology, the
influence of the shear on the ensuing Universe evolution
are negligible to produce the homogeneous and isotropic
Universe features. It is worthy to note that in the homoge-
neous and “anisotropic” Universe, one can have the condi-
tion σab 6= 0. Here the non-vanishing σab evolves and dom-
inates in the early anisotropic Universe.
We assume the following condition to investigate the
evolution of shear in the “extremely early” Universe (e.g.,
in the inflationary epoch),
dσab
dt
≈− 1
l6
ΣacΣ cb+
2 Σ 2
3 l6
hab , (3.18)
where we left only two l−6 terms. If we substitute Equations
(2.23) into (3.18), then we finally get
dσab
dt
≈ −2 Σ
2
l6
(
−1+ 1
X2
+
1
Y 2
+
1
Z2
)
. (3.19)
By integrating Equation (3.19), we have the following ap-
proximation on the shear,
σab(τ) ≈ σab(0)− 2 Σ 2
∫ τ
0
1
l6
(
tr(gab)
)
dt . (3.20)
Suppose one considers the time-reverse of the model, then
the evolution equation for the shear depends on the scale
factor l(t) in the “extremely early” anisotropic Universe.
4 Null Geodesic Curves in the Bianchi Type I Universe
In this section, we consider the evolution of the vectors in a
2−dimensional subspace of spatial vectors normal to the
null tangent vector field ka = (∂/∂λ )a, where λ is the affine
parameter, and to an auxiliary null vector la which points in
the opposite spatial direction to ka, normalized by [Carroll 2004]
laka =−1 , (4.1)
and is parallel transported, namely,
ka∇alb = 0. (4.2)
The spatial vectors in the 2−dimensional subspace are then
orthogonal to both ka and la. We now introduce the metric
nab,
nab = gab+ kalb+ lakb. (4.3)
Similar to the timelike case, we introduce tensor fields
Bab = ∇bka, (4.4)
satisfying the identity
Babka = 0. (4.5)
We decompose Bab into three pieces
Bab =
1
2
θnab+σab+ωab, (4.6)
where the expansion, shear, and rotation of the null geodesic
congruence along the affine direction are defined as
θ = Babnab, σab = B(ab)−
1
2
θnab, ωab = B[ab]. (4.7)
The metric nab also satisfies the identities
σabnab = ωabnab = 0, (4.8)
and
nabka = nabkb = nabla = nablb = 0,
nabgbcncd = nad , nabnab = 2. (4.9)
We define nab as
nab = g
acncb = δ ab+ k
alb+ lakb, (4.10)
which fulfills the following identities
kc∇cnab = 0, (4.11)
and
nabk
b = nabka = n
a
bl
b = nabla = 0,
nabn
b
c = n
a
c, nabn
ac = n cb ,
n ba nbc = nac. (4.12)
Then, we have the identities
Babka = 0, σabkb = 0, ωabkb = 0, (4.13)
and
kc∇cBab =−BcbBac+Rcbadkckd . (4.14)
5Using Equation (4.14), we get
ka∇aθ = −12θ
2−σabσab+ωabωab−Rabkakb, (4.15)
kc∇cωab = −θ(ωab− kck[aωb]c)−2σ c[bωa]c, (4.16)
kc∇cσab = −14θ
2kakb−θhc(aσb)c−σacσ cb−ωacωcb
+
(
Rc(ab)d+
1
2
gabRcd
)
kckd
+
1
2
gab(σcdσ cd−ωcdωcd)− 12θk
ck(a∇|c|kb)
−1
2
kakbkc∇cθ . (4.17)
In the Bianchi type I space-time, Equations (4.15)-(4.17) be-
come
ka∇aθ = −12θ
2−σabσab−Rabkakb, (4.18)
kc∇cωab = 0, (4.19)
kc∇cσab = −14θ
2kakb−θhc(aσb)c−σacσ cb
+
(
Rc(ab)d+
1
2
gabRcd
)
kckd
+
1
2
gabσcdσ cd− 12θk
ck(a∇|c|kb)
−1
2
kakbkc∇cθ , (4.20)
since,
ka∇aθ =
dθ
dλ
. (4.21)
From Equation (4.18), we can obtain the Raychaudhuri type
equation for null case,
dθ
dλ
= −1
2
θ 2−σabσab−Rabkakb
= −9
2
(
l˙
l
)2
−2Σ
2
l6
−Rabkakb , (4.22)
which resembles Equation (3.5).
By Einstein’s equation, we obtain
Rabkakb = 8pi Tab kakb , (4.23)
where Tab is the energy-momentum tensor. Using the laws of
physics, we may assume that the energy density Tabξ aξ b≥ 0
for timelike case. By continuity, we may also assume Tabkakb≥
0 for null case.
The Raychaudhuri type equation (4.22) for null case then
has a solution of the form
1
θ(λ )
≥ 1
θ(0)
+
1
2
[
λ +
4
9
Σ 2
∫ λ
0
1
l4 l˙2
dλ
]
, (4.24)
where θ(0) is the initial value of θ at λ = 0. We assume
again that θ(0) is negative. The inequality (4.24) then im-
plies that θ must pass through the singularity within an affine
length
λ ≤ 2|θ(0)| −
4
9
Σ 2
∫ λ
0
1
l4 l˙2
dλ ≤ 2|θ(0)| . (4.25)
Using Equation (4.20), we obtain an evolution equation
for the shear of null geodesic congruence,
dσab
dλ
= −9
4
(
l˙
l
)2
kakb−3 l˙l4 h
c
(aΣb)c
+
(
Rc(ab)d+
1
2
gabRcd
)
kckd
− 1
l6
ΣacΣ cb+
1
l6
gabΣ 2
−3l˙
2l
kck(a∇|c|kb)−
1
2
kakbkc∇cθ , (4.26)
where kc∇cθ = dθ/dλ . Substituting Equation (4.22) into
(4.26), we obtain
dσab
dλ
= −3l˙
l4
hc(aΣb)c+
(
Rc(ab)d+
1
2
gabRcd
)
kckd
− 1
l6
ΣacΣ cb+
1
l6
Σ 2 (gab+ kakb)
−3l˙
2l
kck(a∇|c|kb) . (4.27)
Since the expansion and the curvature are reciprocal, we
may assume the following condition to investigate the evo-
lution of shear in the “extremely early” Universe,
dσab
dλ
≈− 1
l6
ΣacΣ cb+
1
l6
Σ 2 (gab+ kakb) , (4.28)
where we left only two l−6 terms. If we substitute Equations
(2.23) into (4.28), then we finally get
dσab
dλ
≈ Σ
2
l6
tr
(
gab−2gab
)
. (4.29)
By integrating Equation (4.29), we have the following ap-
proximation on the shear,
σab(λ ) ≈ σab(0)+Σ 2
∫ λ
0
1
l6
tr
(
gab−2gab
)
dλ . (4.30)
5 Conclusions
In the standard point-particle inflationary cosmology, the in-
fluence of the shear on the ensuing Universe evolution are
negligible to produce the homogeneous and isotropic Uni-
verse features. It is worthy to note that in the homogeneous
and “anisotropic” Universe, one can have the condition σab 6=
0. Here the non-vanishing σab evolves and dominates in the
early anisotropic Universe. In the “extremely early” Uni-
verse, if the scale factor l(t) increases, then the evolution
equation for the shear, dσab/dt, decreases. This means that
the influence of the shear decreases as the scale of the Uni-
verse increases.
Recently, the two detectors of the LIGO (Laser Inter-
ferometer Gravitational-Wave Observatory) simultaneously
observed a transitory gravitational-wave signal which directly
6matches the waveform predicted by Einstein’s general rela-
tivity for the inspiral and merger of a pair of stellar-mass
black holes and the ringdown of the resulting single black
hole [LIGO PRL 2016]. In the source frame, the initial black
hole masses are 36M⊙ and 29M⊙, and the final black hole
mass is 62M⊙, with 3.0M⊙c2 radiated in gravitational waves
[LIGO APJL 2016]. This detection is the first step to discov-
ery of the gravitational wave background (GWB) radiation.
Unfortunately, the LIGO’s detection sensitivity at low fre-
quencies is limited by the largest practical arm lengths, by
terrestrial gravity gradient noise, and by interference from
nearby moving objects. Future gravitational wave observa-
tories like the Evolved Laser Interferometer Space Antenna
(eLISA), might show “primordial” gravitational waves gen-
erated during cosmological inflation, relics of the early Uni-
verse, up to less than a second of the Big Bang [eLISA 2012].
If we can observe any anisotropy of the “primordial” gravi-
tational wave background radiation, then the evolution equa-
tion for the shear in this article will be responsible to the fu-
ture observational anticipations for the gravitational waves.
There are many possibilities to develop our model of
the early anisotropic Universe. For instance, we may fur-
ther consider the rotational motions of the early Universe be-
cause of the initial conditions of the Bianchi type I Universe.
Instead of using the Bianchi type I, we may consider other
anisotropic Universe models that might describe the rota-
tional motions. Applying string theory [Polchinski 1998, Green et al. 1987]
to anisotropic Universe models wolud further lead us to con-
sider the rotational motions and geodesic surface congru-
ence in the early Universe. There are previous results about
the anisotropic Universe with cosmic strings and bulk vis-
cosity (e.g., [Tripathy et al. 2008, Tripathy et al. 2009a, Tripathy et al. 2009b,
Tripathy et al. 2010, Pradhan and Chouhan 2011]) and Bianchi
type I string cosmological model in general relativity.
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